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m Given a vertex-coloring ¢, the palette of a vertex v, P,(v), is
the set of colors in the neighborhood of v, i.e.

Po(v) = {w(u) | u e N(v)};

m Homogeneous coloring is a proper vertex-coloring such that
the pallete sizes of all vertices are the same;

m If |P,(v)| = k for every v — k-homogeneous coloring;
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m 2-homogeneous coloring of Cs:



Problems

m Two types of problems:

(/) Does a graph G admit a k-homogeneous coloring?

(i) What is the number of colors needed for a k-homogeneous
coloring of G?



Basic Observations

m 1-homogeneous coloring admit precisely bipartite graphs:



Basic Observations

m 1-homogeneous coloring admit precisely bipartite graphs:

m d-homogeneous coloring admit precisely d-regular graphs;



Basic Observations

m 1-homogeneous coloring admit precisely bipartite graphs:
m d-homogeneous coloring admit precisely d-regular graphs;

m — only bipartite d-regular graphs can be k-homogeneously
colorable for every k € {1,...,d};



Basic Observations

m 1-homogeneous coloring admit precisely bipartite graphs:
m d-homogeneous coloring admit precisely d-regular graphs;

m — only bipartite d-regular graphs can be k-homogeneously
colorable for every k € {1,...,d};

m Definition:
The graphs being k-homogeneously colorable for every
ke{l1,...,A(G)} are completely homogeneous;
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Equivalent Problem

Proposition 2

A graph G admits a k-homogeneous coloring if and only if Hg
admits a vertex-coloring such that in every hyperedge there are
vertices of k colors.

m We are interested in bipartite (regular) graphs, so we have two
components of the hypergraph: one for each partition of G;
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Equivalent Problem

Proposition 2

A graph G admits a k-homogeneous coloring if and only if Hg
admits a vertex-coloring such that in every hyperedge there are
vertices of k colors.

m We are interested in bipartite (regular) graphs, so we have two
components of the hypergraph: one for each partition of G;

m Consider each separately;

15



Bipartite Hypergraphs

m Hypergraph is k-regular if every vertex is incident with k
hyperedges;



Bipartite Hypergraphs

m Hypergraph is k-regular if every vertex is incident with k
hyperedges;

m Hypergraph is k-uniform if every hyperedge is incident with k
vertices;



Bipartite Hypergraphs

m Hypergraph is k-regular if every vertex is incident with k
hyperedges;

m Hypergraph is k-uniform if every hyperedge is incident with k
vertices;

m Hypergraph is bipartite if it admits a 2-coloring of vertices
such that each hyperedge is incident with vertices of both
colors, i.e., no monochromatic hyperedges!



Bipartite Hypergraphs

m Hypergraph is k-regular if every vertex is incident with k
hyperedges;

m Hypergraph is k-uniform if every hyperedge is incident with k
vertices;

m Hypergraph is bipartite if it admits a 2-coloring of vertices
such that each hyperedge is incident with vertices of both
colors, i.e., no monochromatic hyperedges!

Theorem 3 (Henning and Yeo, 2013)

For any integer k, k > 4, every k-regular k-uniform hypergraph is
bipartite.



Bipartite Hypergraphs

m There exist infinite families of non-bipartite 3-regular
3-uniform hypergraphs;
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Bipartite Hypergraphs

m There exist infinite families of non-bipartite 3-regular
3-uniform hypergraphs;

Corollary 4 (Henning and Yeo, 2013)

Every connected 3-regular 3-uniform hypergraph is either bipartite
or becomes bipartite after deleting any edge from it.
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Application to Homogeneous Coloring

m We have many available colors;

m Every hyperedge must see exactly 2 colors,
i.e., every hyperedge is non-rainbow and non-monochromatic;

m — NMNR-coloring of hypergraphs;

Theorem 5 (BL, Madaras, Sotdk, Surimové, 2017)

Every 3-regular 3-uniform hypergraph admits an NMNR-coloring
with at most 3 colors.

Corollary 6 (BL, Madaras, Soték, Surimova, 2017)

Every cubic bipartite graph G admits a 2-homogenous coloring.
Moreover,
x2(G) <6.
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Higher k’s

Theorem 7 (Henning and Yeo, 2013)

For any integer k > 4, every k-regular k-uniform hypergraph is
bipartite.

Corollary 8

Every k-regular bipartite graph G, with k > 4, admits a
2-homogenous coloring. Moreover,
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Higher k’s

m Are other bipartite k-regular graphs completely homogeneous?
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Higher k’s

m Are other bipartite k-regular graphs completely homogeneous?
m There exist bipartite 4-regular graphs that are not!
m Graphs below do not admit a 3-homogeneous coloring!
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Open Problems

Conjecture 9

Every 4-regular bipartite graph, distinct from Ks s without a
perfect matching and the bipartite complement of the Heawood
graph, is completely homogenous.
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Thank you!



